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Introduction

This document collects several results, which supplement those in the main text. Specifically:

2

e In Section 2, we formally define ex-post Pareto efficiency and show that every interim

efficient mixed assignment is ex-post Pareto efficient.

In Section 3, we establish that a player has the same payoff to sending a report to the
Simple Mechanism in the replication extension and in the corresponding T-replication

case.

In Section 4, we extend the baseline model to allow players to have correlated true val-
ues, as well as arbitrary (and correlated) knowledge of their preferences. We establish

that our results are robust to this extension.

In Section 5, we study the robustness of the Simple Mechanism with respect to its
implicit requirement that the designer know the structure of preferences and show how

one can use historical data to close key gaps.

Ex-Post Pareto Efficiency

We have in mind that an ex-post Pareto efficient (mixed) assignment ¢ is one where no

player can be made better off without harming another after all uncertainty about true

values is resolved. More precisely, let {v; = (vy;, ..., Vk;)}ienr be the players’ true values,

then a (mixed) assignment ¢ is ex-post Pareto efficient if, for each pure assignment ¢ in

its support, there is no alternative pure assignment ¢ such that vy ) > ve(y; for all i € N

and vy (;); > Vg(i)i for some i € N. Such an assignment is also “ex-post individually rational”

in the sense that that each player weakly prefers her assignment to n after all uncertainty

about true values is resolved, i.e., vy (;); > viy for every ¢’ in the support of qNb

Our main result is the following.

Proposition OA1. Interim Pareto Efficiency Implies Ex-Post Pareto Efficiency.

If a mized assignment ¢ is interim efficient, then it is also ex-post Pareto efficient.

To prove the proposition, we need to establish that the consistency relationship is convex.

Lemma OA1. Convexity of the Consistency Relation.

Let <€ B' and let {z(k)}E_, be a finite collection of valuations in RET! that are consistent
with <. If {\k)}E_, is a finite collection of non-negative weights such that S r_ A(k) = 1,
then Zé:l x(k)A(k) is consistent with <.



Proof. Straightforward. We argue by induction on L. This is trivial if L = 1, so we begin
with L = 2. Let ®(1) = (zy,21,...,7x) and ®(2) = (2,,2]...,7%), and let A € [0,1].
Let * = z(1)A + x(2)(1 — \) = (27,...,2)}). We need to show that x* is consistent
with <. Consider two elements o and o’ of ¢/, and observe that =) = Az, + (1 — \)a/, and
Y = Avy + (1= N)zl,. If o 20, then x, <z, and 2/, < 2/, by consistency, so z) < x. If
0o £ 0, then z, > zy and 2/, > z/,, so x) > x)y, i.e., ) £ ). Thus, 2) <z} < 0=

A is consistent with <.

and ) £ 1) < 04 d,s0x

We now suppose that the lemma is true L — 1 and show that it is true at L. Let
y = S la(k)A(k). If either A(L) = 0 or A(L) = 1, then the lemma is trivially true
at L. So, we take A\(L) € (0,1). By the induction hypothesis, z = é;ll a:(k:)% is
consistent with < because Zi;ll % = 1. Since z(L) is also consistent with <, we have
(LML) + (1 = ML)z = S5, x(k)A(k) is consistent with < by the argument in the first

paragraph. [

Corollary OA1. Consistency of Expectations.
For each player i, let 6; denote her type and UZT denote her expected true values per equation
(2.2) of the main text. If 0; € B, then v! is consistent with 6;.

T

Proof. Follows immediately from Lemma OA1 since, for each player ¢, v, is the convex

combination of points in I(6;), each of which is consistent with v;. [J

For each joint vector of true values © = {v; }ienr € VN, let W(0) = Wi (0),..., Wy (D)) C
O~ denote the set types that may be chosen by nature with strictly positive possibility for
the players. That is, W;(®) consists of v; and the order =<; that is consistent with v;.

Proof of Proposition OA1. Straightforward. Let {v;};car = © be the players’ true values,
let @ = (01,...,0n) € W(D) be their types, and let {'UZT},-E/\/ be their expected given these
types (see equation (2.2) of the main text). For each player i, let v; = (v,;, v14,...,vn;) and
let vf = (v:;i, ol o).

We argue by contradiction. Suppose that qb* is interim efficient but not ex-post efficient.
Then there is a pure assignment ¢’ in the support of ¢ such that v¢/( )Z > v¢ ;foreachi e N
and v¢/ ()i > %(1 yi for some i € N. We'll show that this implies il d)’(z)z > ¢(1 . for each i € N
&y > v ; for some i € . Given this, we have Y. ui(¢'|0;) > D, wi(9]6:), 1

¢ is interim mefﬁment at 6. Since an interim efficient mixed assignment only randomlzes

and v

over interim efficient pure assignments, it follows that (? is not interim efficient. Thus, we
obtain the desired contradiction.

For each player 7, it remains to show (i) that Vg'(i)i = Ug(iyi implies ol (1) > v;( )i and
(ii) that v () > vg@) implies v iy ¢(Z . If ; € V, then we automatically have (i) and
(ii) since i knows her true values after learning her type. If 6; € B’, then let <;= 6;. The



consistency of =<; and v; gives that vy (;); > vgz) implies ¢(i) =; ¢'(i). Since Corollary OA1
f
obtains. As to (il): if vg(;); > Ve, then consistency gives ¢(i) =<; ¢'(¢) and ¢'(i) A; ¢(7)

and thus Corollary OA1 implies U;rﬁ’(i)i > v;(i)i. UJ

gives v; is consistent with =;, we also have that vy ;); > v43); implies v;,(i)i > U;S(i)i’ ie., (i)

3 Replication Payoff Equivalency

In this section, we show that a player’s payoff to sending report r; to the Simple Mechanism in
the replication extension is the same as her payoff to sending h(r;) to the Simple Mechanism
in the corresponding T-replication case. (Recall that h is the bijection that maps types
between the replication extension to the corresponding T-replication case; see the Appendix

of the main text for details.)

Lemma OA2. Payoff of the Replication Extension and the T-Replication Case.
Let T = (N), then UM (r;|60;) = UM (h(r;)|h(6;)) for each player i, each report r; € O,
and each 0; € ©.

Proof. (Largely algebraic.) Consider player i. Since T'= t(IV), the set of possible assign-

ments
&“:{/’77117127"'71T7217"'72T7"'aK17"'7KT}

is the same in both environments and thus so too is the set of possible assignments. We thus
denote the common set of assignments by ® and index it j =1,...,|®]|.

For the replication extension, we have

UMs(rilfs) = > ui(Ms(ri, 0_)|6;) Pr(6_,;)
9_1'6@]\771
|2

= > wile;10)(ri, 0-) Pr(6-)
0_,cON-1 j=1
i

= >0 DT> ol M6s() = o)y (1, 0-) Pr(B),

0_;cON-1 j=1 g0,

where vll denotes i’s expected true value to each o; € O, I(-) is the classic indicator function,
gz;j(ri, 0_,) is the probability of each pure assignment ¢; under the Simple Mechanism in the

replication extension, and Pr(0_;) is the probability of the type-vector 8_; in the replication



extension. For the T-replication case, we have

Kd

G raln0) = Y S0 S 6 165(0) = o)y (h(r:), 0-)Pr(6_,),

07¢€éN_1 Jj=1 016(5}

where ¢ denotes i’s expected true value to each o; € O, ¢;(h(r),0_;) is the probability of

each pure assignment ¢; under the Simple Mechanism in the T-replication case, and pr(O_i)

is the probability of the type vector @_; in the T-replication case.

Three key facts follow:

Fact 1

Fact 2

Fact 3

We have vf = @ for each o, € O

Proof. Follows from the construction of the T-replication case and the bijective

nature of h. The algebra is straight-forward and omitted. A

We have that Pr(0_;) = Pr(h(6_;)) for each 8_; € ON~1.

Proof. Follows from the construction of the T-replication case and the bijective

nature of h. The algebra is straight-forward and omitted. A

When players report 7 = (r1,...,ry) € O in the replication environment,
then the Simple Mechanism randomizes over the same assignments as when they
report h(r) € O in the T-replication case. Thus, ¢;(r) = ¢;(h(r)) for each
j=1,...,|®| (since h is bijective).

Proof. To see this, consider player k, who makes report r; in the replication

extension and h(ry) in the T-replication case. There are two cases: 1, € V or

re € ©O\V.! If the former, then ry, = (v,,v1,...,vk) and

h(rg) = (n,v1, ..., V1,09, ..., U2y ooy VR, vy UK )
—— N—— ———
T copies T copies T copies

by construction. Thus, the Simple Mechanism in the replication environment
and the Simple Mechanism in the T-replication case both estimate that k£ has

the same payoff.

If 1, € ©\V, then h(r;) € ©\V. Hence, the Simple Mechanism estimates k’s

'Recall V and © are the true value and type spaces in the replication extension, while Y and © are the
true value and type spaces in the T-replication case.



expected true values in the replication extension are

(@T,v o, D v ,
K ! Z Z’UGI(T‘k)f (’U)

vel(ry)

where I(ry) = {v € V|v is consistent with 7}, and in the T-replication case, the

Simple Mechanism estimates i’s expected true values are

b ) fs(v)
(’U7177,U%17 ‘7’0517" U%{T) = Z vz .

vei(h()) VW) fol©)
where I(h(r;)) = {v € V|v is consistent with h(ry)}. Since r, and h(r) encode
the same ordinal preference (and only differ in the fact that the latter is defined
over additional copies of the objects), we have that v € I(ry) if and only if

h(v) € I(h(ry)). Combining this with the fact that fz(v) = f,(h~'(v)), where
h~! is the inverse of h, implies > wet(m) 1o(V) = D uciingr) fo(v). Hence,

(Oihythyil) = Y v _,f“’")f“(v),
vei(h(ry)) vEl(h(ry)) /¥
- Y )y
vel(rg) Z"’G](Tk) fv(v)
Since
h(vy,v1,...,0k) = (N, 01,...,01,V2, ..., V2y ..., VU, ..., VK),
T copies T copies T copies
we have

o f®)
vel;k) h( )Zvel(rk) fv (’U)
_ y fo(v) . £ (0)
= ( Z WZvEI(Tk) f'v (’U)’ (( Z Ozve](rk) fv<'U) )xT)oe(’))-

v=(vy,v1,..., 0K )EL(r)) v=(vy,V1,..., 0K )EI (1))

It is evident that the first term is @:g and that the term inside the double paren-
theses is 6. Tt follows that @,T] = "&}; and, for each [ € {1,...,T}, that f){ = f)i,
vg = vgl, ..., and 17}( = f)}(l. Thus, the Simple Mechanism in the replication
environment and the Simple Mechanism in the T-replication case both estimate

that k has the same payoff.

Since k was a generic player and 7, a generic report, it follows that after getting reports
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r = (ry,...,ry) the Simple Mechanism in the replication extension has the same objective
function as the Simple Mechanism in the T-replication case does after getting reports h(r).
Hence, the two mechanisms randomize over the same set of pure assignments. A

In light of these facts, we have,

K

UMS(rilf) = > Y vl L(s(i) = 01)d;(ri, 0_;) Pr(0_;)
0_,cON-1 j=1 ;@
|®|

= ) D> Eh( 01)6;(h(r:), h(6_;))Pr(h(6_:))

6_,coON-1 j=1 OZEO/
K

= D>, > D UK 01) 5 (h(r:), 0_)Pr(0_,) = UM ((r)[1(6))),

0_;cON-1 j=1 5,y

where the last line is due to re-indexing. The proposition then follows from the fact that all

players with the same type have the same payoff. [

4 Partially Known and Correlated Preferences

In this section, we develop a generalization of our model that allows players to have correlated
true values, as well as arbitrary partial (and correlated) knowledge of their preferences — e.g.,
a player may know she values object 0” twice as much as object o, while only knowing that
o' is strictly preferred to object 0. We establish that all of the results from the main text are

robust to this extension.

EcoNOMIC ENVIRONMENT

We generalize the baseline model of the main text by changing the way nature draws true
values and passes information about them to the players. Specifically, nature first draws a
vector of true values for all of the players v = (vy,...,vyx) € V¥ according to the strictly
positive probability mass function fy(v), where fz : VN — (0,1] such that Y.\~ f5(0) =
1. Subsequently, nature draws a vector of types t = (t1,...,ty) € T" according to the
conditional probability mass function fy3(t|v), where T is the finite set of all possible types
and fys : TV — [0,1] such that >, v fys(t|v) = 1 for all © € V. We assume that, for each
t € TV, we have fyz(t|v) > 0 for some © € VV. Next nature shows each player i her type ¢;
— a player’s type is her “signal” about her true values. (As in the baseline model of the main
text, types are private information.) The probability that ¢ has type ¢; given true values v,
is fio(til0) = 3 icaw,) fe(t|0), where A(t;) = {(t}, ..., t;,..., tly) € TV|t; = ;} is the set of
type vectors where i has type t;, the probability ¢ has type ¢; is f;(t;) = > _zepn frs(tilv) f5(0),



and the probability of ¢ is fi(t) = > .oy~ fes(t|0) f5(0). Notice that f; and f; are strictly
positive.

Given type t;, the vector of players’ expected true values is

(Wl ol ol = U;Nvff’<"_’}ﬁ't:§“”_’). (4.1)

Thus, upon observing her type t;, player i’s vector of expected true values is (vjﬂ,vL, e
ol wl) = vl We represent this vector as a payoff function wu,(-|t;) by setting w;(o[t;) =
vl for each 0 € O,

This extension is equivalent to the baseline model of the main text when true values
are independently and identically distributed and each player has the same chance of ob-
serving her true values. Specifically, for a € (0,1), then the models are equivalent when
folvi, .. vi ..., on) = [, fo(vi) for some probability mass function f,(v), (i) 7 = O,

(iti) a € (0,1), and (ifi) fio(tr, .- s tir- o tn|O1, o, Vi vN) = [ fow(ti]vs) where

a t=7v
fiwtv) =41 —a t=c(v)

0 else.

(Recall that c(v) gives the element of B’ that is consistent with v.) Equivalency also holds
for the cases of @ = 1 or a = 0; the details are omitted for expositional simplicity.

We need to modify our definitions to account for the correlation of types. We do this
now for interim efficiency and e-Bayesian incentive compatibility; our other definitions extend
similarly. Regarding interim efficiency, we write u;(-|t) for player i’s (expected) payoff given

the joint type vector t € T. Specifically, let

_ _ [5(0) fus (V)
(’Ul,...,’UZ‘,...,’UN) = vg;N'UT

be the players’ expected payoffs given ¢t. Let (v, v1s,...,Vk;) = v;, then u;(-|t) is defined
by u;(o|t) = v, for each o € O'. We say that the (mixed) assignment é is interim
(utilitarian) efficient if it maximizes social surplus, i.e., if it solves maxgcng D i nr wi(plt).

To state our definition of e-Bayesian incentive compatibility, it helps to specify how the
distribution of players’ true values and types changes as N changes. To these ends, let
fN(t) be the probability mass function of values when there are N players and let f%(ﬂ@)

be the conditional probability mass function of types when there are N players. Then,



e () = Xgeyn fs(t0)f5(0).
We write UM (r;]t;) for i payoff to making report 7; to mechanism M when her type is ¢;

when the other N — 1 players report truthfully. That is,

UMrilt) = Y wi(M(re, byt t—)Pr¥ 7 (2 fty),

t_,eTN-1

where t_; = (t1,...,ti1, tiv1, ..., t;) and Pr¥—(t_|t;) = fN 7 (i, t_y)/ D e ML,

Given € > 0. A mechanism M is e-Bayesian incentive compatible if it is the case that,
for each player ¢ and each type t; € T, ¢ does not gain more than € from lying strategically
when everyone else tells the truth, i.e., if max, 7 UM (r;|t;) < UM (t;]t;) + e.

DISREGARDING CARDINAL INFORMATION

For each player i and each t; € T, let ¢(¢;) give the unique order in B(Q’) that is consistent
with i’s expected true values after learning her type is ¢;, i.e., consistent with 'vzT defined via
equation (4.1). Let q(t1,tq,...,tn) = (q(t1),q(t2), ..., q(tn)). We say that a mechanism M
disregards cardinal information if, for each » € TV, we have M (r) = M(q(r)). In other
words, a mechanism disregards cardinal information if it makes the same assignment when
players report their types or the orders that are consistent with their expected values (after
they observe their own types). This definition generalizes the one used in the main text since
Corollary OA1 gives a player’s expected true values are always consistent with her ordinal
preference in the baseline model of the main text.

The next assumption ensures that (i) it is always possible for players to learn their true

values and so is analogous to the a > 0 assumption of the main text.
Assumption OA1l. We have V C T and that fy,(v|v) > 0 for all v € V.

Proposition OA2. Disregarding Cardinal Information and Inefficiency.
Let Assumptions 1 and OA1 hold and let M be a mechanism that disregards cardinal infor-
mation, then there is a N > 0 such that M is interim inefficient when there are at least N

players.

Proof. Analogous to the Proof of Proposition 1 since Assumption OA1 allows us to initially
endow all players with the same, known true values and then Assumption 1 allows us to
perturb one player’s true values to render M’s assignment inefficient. The formal argument
is omitted. [J

It follows that mechanisms that only use ordinal information are subject to the exact
same inefficiency problems as they are in the baseline model. This motivates our study of a

generalization of the Simple Mechanism.



GENERALIZED SIMPLE MECHANISM

We begin with a description of the Generalized Simple Mechanism.

The Generalized Simple Mechanism.

Suppose the players report © = (r1,...,ry) € T». Then, the mechanism returns the
mixed assignment Mgg(r), which is constructed as follows. First, estimate expected true
values,

(1, Z _ fo( ft|v "“|U)'
veyN

For each player i, represent v, as a function 4; by setting u;(0) = v, for each o € O, where

(0y, ..., 0k) = 0;. Second, compute

o =argmax > , ;(¢(i)).
ieEN

Third, set Mgs(7) to assign weight 1/|o| to each pure assignment in o. O

As the next results show, the Generalized Simple Mechanism retains all of the features
of the Simple Mechanism. We say that the true value and type distributions are exchange-
able if (i) fo(vi,...,vn) = [o(Vpa)s ..., Vyvy) for any permutation p(1),...,p(N) of the
original indices and (ii) fyz(t1, ..., tn|v1, ... on) = fea(tp)s -ty V), - - - V() for
any permutation p/'(1),..., p'(IN) of the original indices for each v. It is easily seen that (i)
exchangeability allows for correlation between the true values and types and that (ii) ex-
changeability is implied when (i’) true values are independently and identically distributed
and (ii’) each player has the same chance of observing her true values, as in the main text.
Exchangeability ensures that two players with the same type have the same (expected) true

values.

Proposition OA3. The Generalized Simple Mechanism is Interim Efficient and Symmetric.
We have Mgs(t) is interim efficient. In addition, when the distributions of true values and

types are exchangeable, the Mas(t) is also symmetric.
Proof. Analogous to the Proof of Proposition 2 in the main text and omitted. [J

To state our analogue of Proposition 3, we need the following assumption. Recall, from
the Proof of Lemma A2, that a type E player is one who observes their true values, has the

lowest value for 77, and has the highest value for every other object.

Assumption OA2. Two parts:
(i) We have V is a product of finite grids.
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(ii) The probability that there are a finite number of type F players goes to zero as N goes to
infinity. That is, limy_. Pr™(E;) — 0 for all 0 < [ < oo, where E; = {t|t specifies | players
have type E} and Pr¥(E) = Y ,cp [ (1)

Part (i) is standard, together with Assumption OA1 it allows for the possibility of type
E players. Part (ii) ensures that the number of type E increases as N increases (with
probability one). It is easily seen that part (ii) holds when true values are independently
and identically distributed and each player has the same chance of observing her true values,

as in the main text.

Proposition OA5. The General Simple Mechanism is e-Bayesian Incentive Compatible.
Let Assumptions OA1 and OA2 hold, then, for every € > 0, there is an N > 0 such that the
Generalized Simple Mechanism is e-Bayesian incentive compatible when there are at least N

players.
Proof. Analogous to the Proofs of Lemma A1 and Proposition 3 since there type F players

per Assumptions OA1 and OA2 who increase competitive pressure as N increases. The only
major changes, besides a shift in notation, are in the Proof of Lemma A1 where we need to
use part (ii) of Assumption OA2 instead of the closed form expression for Pr(E;) computed
in the main text. However, because we only use this closed form to show limy_,., Pr(FE;) =0

for all [, we can easily make this substitution. [
Since an analogue of Proposition 3 holds, an analogue of Proposition 4 holds as well.

Proposition OAG6. e-Bayesian Incentive Compatibility and Replication

Let Assumptions OA1 and OA2 hold. For every € > 0, when the linking function 1 is arbi-
trary there may not exist a symmetric, interim efficient, and e-Bayesian compatible mecha-
nism. However, there is a linking function 1 and an integer N > 0 such that the Generalized

Simple Mechanism is e-Bayesian incentive compatible when there are at least N players.

Proof. The first part of the proposition follows from Example A of the main text. The
second part of the proposition follows from Proposition OA5: using this proposition, we are
able to establish a series of thresholds N;, N, ... above which the Simple Mechanism is
e-Bayesian incentive compatible with 1, 2, 3, ... replications of objects respectively. Thus,
we can use analogues of the arguments used in the Proof of Proposition 4 to establish the

existence of the requisite linking function and the proposition. The details are omitted. [J

5 Limited Knowledge of Preferences

The Simple Mechanism implicitly requires that the designer have knowledge of structure of

preferences. Yet, in practice, the designer may not know the distribution of true value f, or

11



even the set of true values V, and so finds it difficult to implement the Simple Mechanism.
In this section, we show how to address this problem via the use of historical data. We first
focus on the case where the designer is ignorant of f,, but knows V. Then, we address the
case where the designer is ignorant of both f, and V. For simplicity, we work in the baseline

model of the main text.

IGNORANCE OF THE DISTRIBUTION OF TRUE VALUES

Suppose the data from previous assignments consists of the players’ reports and the
objects they obtained. Specifically, there are data for W previous assignments consisting
of N players each. We denote an assignment w, we denote a player who was part of this
assignment ,,, and we denote the mechanism that made the assignment M,,. Let r;, denote
iw’s Teport to M, and let o;, denote the object she received.?

We make two major “identification” assumptions. First, a € (0, 1) so that all types occur
with strictly positive probability. Second, for each assignment w, the mechanism M, is
(approximately) incentive compatible, so players do not lie to M,,. (It is easily seen that
mechanisms like Random Serial Dictatorship meet the latter requirement.)

For each v € V, A(v) = {iy,|r;, = v} be the set of players who report values v and let

o JAw)
fol0) = = = Ta@w)

be the fraction of players who report values v among those who report a cardinal preference.

Lemma OA3. Convergence in Probability.

For each v € V, we have

~

fo(v) 2 fo(v) as W — oo.

Proof. Since types are truthfully reported, |A(v)| is the number of players in our sample of
W N players with type v. Since types are independent and identically distributed across the
players in our data and all types occur with strictly positive probability, |A(v)|/(W N) 5
afy(v) by the Weak Law of Large Numbers. Likewise, > ., |A(v")|/(W N) % a. Thus,
the ratio converges in probability to f,(v). O

We modify the Simple Mechanism by using fv in place of f,. Creatively, we dub this
edited mechanism the Modified Simple Mechanism; the next lemma summarizes its key

properties.

Proposition OA7. Properties of the Modified Simple Mechanism.

2Data like this is available for settings where people choose objects periodically — as is the case with
college dorm rooms, school courses, various public assistance programs, and so on.
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The Modified Simple Mechanism is (i) symmetric and (ii) e-Bayesian incentive compatible
for every e > 0, when V is the product of finite grids and N is finitely large. In addition, the

Modified Simple Mechanism becomes interim efficient with probability one as W — oo.

Proof. The arguments for symmetry and e-Bayesian incentive compatibility are standard
and are omitted. The last sentence is a direct consequence of Lemma OA3. By Lemma OA3,
as W — o0, the Modified Simple Mechanism’s objective function converges in probability to
the expected social surplus function. Hence, the mechanism becomes interim efficient, and

so is approximately interim efficient with sufficient historical data. [J

IGNORANCE OF THE SET AND DISTRIBUTION OF TRUE VALUES

While the above discussion assumes the designer knows V), this is often not the case.
Fortunately, under the same assumptions as above, when W is large, the designer will ob-
serve V via the cardinal reports in the data with probability one: simply, all points in V are
eventually endowed to players who observe their cardinal preferences by our first identifica-
tion assumption and the designer, in turn, observes these points by our second identification

assumption. Thus, once W is large, V is known and the previous analysis applies.
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